INTRODUCTION
As an extension of Wu's theoretical study of finite span hydrofoils moving beneath the surface in water of infinite depth, expressions are derived here for the potential functions associated with finite span hydrofoils in water of finite depth. These expressions may be obtained for any span, water depth, or depth of submergence, and for any velocity in the subcritical and supercritical ranges of Froude number. In additioti to the potential functions, explicit expressions are derived for the x-, y-, and 3-derivatives of these functions. With the results of Wu's report and those of othrer investigators, 2,3 these functions may be used to determine wave profiles, wave resistance, velocity components, pressure, and other parameters.
#
A few theoretical studies have been made of the wavemaking produced by singularities moving beneath a free surface in shallow water. Lunde 4 outlined the method for finding the wavemaking of a source in shallow water, .nd Pond 5 and DiDonato 6 have made a complete analysis of the problem for t .e subcritical range of Froude number. A further discussion of problems of this type, including a finite span hydrofoil, is given in Reference 7. None of these works gives a complete analysis for the supercritical range of Froude number. When a singularity moves horizontally between a rigid bottom and a free surface, the potential function is very sensitive to the value of the Froude number based on water depth. As the velocity increases, the wavemaking builds up and becomes very severe when the Froude number approaches unity. When the Froude number exceeds unity the singularity is moving faster than the wave velocity and wavemaking effects diminish. This phenomenon is common where ships enter shallow water and the resistance suddenly decreases when the velocity exceeds the critical speed. Although most surface ships seldom exceed critical speed in normal operation, this range may be important in the operation of hydrofoil boats.
Wu has shown that the singularity which produces the same vorticity as a hydrofoil is a semi-infinite vortex sheet of finite span, extending from the position of the hydrofoil to an infinite distance downstream. In addition to the vorticity, the hydrofoil produces a dis-0 placement effect. At some distance from the hydrofoil, a-horizontal line doublet of finite span, whose strength is proportional to the water displaced, is adequate to represent the displace« ment effect. In shallow water both singularities must satisfy boundary conditions at the sea bed and at the free surface. Furthermore,^ water surface far ahead of the hydrofoil is not disturbed. In this report expressions are derived for the potential functions of each of the singularities. Because the boundary conditions and methods of analysis are the same for each casd, general considerations will be discussed first. Finally, a method for determining « the strengths of the Angularities will be discussed.
BOUNDARY CONDITIONS FOR THE THEORETICAL ANALYSIS
• The hydrofoil may be considered fixed in an inertial system in which there is a uniform velocity (/ at ar = -«. flowing in the positive avdirection. As shown in Figure 1 , the hydrofoil with chord c and semispan b is fixed at a: = 0, z = a with its span extending from y = -6 to y -6. The origin of the coordinate system is at the sea bed and the plane a = A is the undisturbed water surface.
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Hi.-. '..'.Tlfszy**!*! The potential flow about a hydrofoil may be obtained by representing the hydrofoil by several singularities extending along the span. The steady-state potential function is Q {x, y, z) = U x + $ (a;,*y, 2) [1] where tf> is the perturbation potential. If disturbances in the flow are small, interaction terms may be neglected, and <f> is the sum of the potential functions for each of the singularities used jto represent the hydrofoil. The change in pressure p produced at any point in the fluid is obtainecFfrom Bernoulli's equation. Along any streamline
where p is the density of the fluid, g is the acceleration of gravity, and 2 is the position of the streamline in the undisturbed flow.
In the linearized theory, the last term in the Equation [2] may be neglected. Along the streamjjne represented by the free surface, the pressure change produced is zero and the wave elevation is given by [3] If the sea bed is considered as a rigid surface, there is no flow normal to this surface and the first boundary condition is boundary Condition I [4] For disturbances at the free surface which are small compared with the wave length, the normal velocity of the surface is the same as the vertical velocity of the fluid particles.
U I d<f>\

C(«,y)-»-A---{^\
If Equations [3] and [5] are combined, the second boundary condition which applies at the free surface is obtained: *
where F is the Froude number based on water depth Ü F \/gh [7] As the free surface far ahead of the hydrofoil is undisturbed, the wave elevation and hence the potential itself must vanish far upstream. Therefore the third boundary condition is» Boundary Condition III for a;-»-«., ^ = 0 [8] In addition, the potential and its derivatives are finite everywhere in the region except at the position of the singularity. Of-y)' [10] where r(7;) is the distribution of circulation along the span. It is easy to see that <f> v vanishes for ar = -oo and its 3-derivative vanis.hes at 3 = 0. This Equation also has an integral form which is derived in Appendix A and which is the real part of • *,,-«..
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and sen is the signum function whose value is + 1 when the argument is positive, -1 when the argument is negative, and 0 when the argument is zero. The line through the integral sign indicates th^t the principal value is to be taken. In this case the integral must be evaluated from -IT/2 + < to w/2 -t, where t approaches zero in like manner at the two limits.
To satisfy Boundary Condition II at the free surface, an undetermined potential function tVn wil1 be added to <t>y ■ This function will be given the same x and y dependence as <^ and must satisfy Boundary Condition I. If $ y is written in terms of undetermined parameters H{m) and G{k,0), then the form for 2 > a is *
The integrands of^each of these integrals must vanish when they are substituted into Equation [6] , fhe expression for Boundary Condition II. Then
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When the Froude number is zero, G(k, 0) bee omes
The potential for zero Froude number is
where h is introduced to make the kernel functions dimensionless in length. The functions T v {r)) and L v (77) have the dimensionless forms 00
A "^ rfe For the hypothetical case of infinite Froude number [25]
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In this expression In this equation w is written for either w + or to_. The functions /(*,a.*), « (Ö), and y (*) are
The integrand of M (to, Ö) has a simple pole when * = * 0 , where k Q is defined by the equation
This integral may be evaluated by means of a contour integratio'n in the complex *-plane. The method is described in \ppendix B.
The contour integration yields a value of h'y (?/) which is the sum of two terms, A', and h'y . In the subcritical range of Froude number It might appear to be more natural to combine Ly (r,) with Ky (T,) to give Ky (7/), th€
Froude number value. However, from the few experimental and theoretical studies which have been made with hydrofoils operating at Troude numbers slightly greater than unity, the term* K v ' 2 (»/), as given here, is a good approximation for the flow near the hydrofoil, 8 The approximation is even better for higher Froude numbers. This indicates that the other nearfield terms which are contained in Ky (7) are of secondary importance and probably may be neglected in many computations.
The other integral terms obtained in the contour integration are of the form / 3 (r),w),
Equations [22B] and [26B] in Appendix B. As these forms depend upon regions in which w +
and w_ are positive, they will be written explicitly for positive and negative values of *, using the resiflts gi*en in Table 1 of \ppendix B. In the subcritical range of Froude number x>0,jf-y>0
where tan d l = | -| , and gW-
[42]
In the supercritical range of Froude number a;>0, 77-y>0
where k^is the value of k 0 for which 6 -77/2 -0J and
For negative values of 1; -y, w, and tc_ are interchanged.
The potential (fry which contains the kernel Ky (JJ), is a nearfield term that decays rapidly with the distance from the singularity. The potential <£., , which contains the Then the real and imaginary parts are
The 3-derivative of A'^C»;) is dz I {n, «V) + ' ('/, w_)
The function e(ö) is unchanged but f(k,a,z) becomes f{k,a,z) = kh sinh Aro sinh Aa
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POTENTIAL OF A HORIZONTAL LINE DOUBLET OF FINITE SPAN
The function e( (9) is unchanged but f(k,a,z) becomes
The functions /Vj and N 2 needed for / 2 (7;, «) are
[80]
STRENGTH^ OF THE> SINGULARITIES USED TO REPRESENT A HYDROFOIL
The strength of vorticity along the span of a hydrofoil i s a function of the chord and ' leveloped at any section and the free-stream.velocity. If the vorticity is assumed to have an elliptic d.stribution, the vorticity per unit length r(,) in the equations for ^ has the form'" « lift deve
In th.s expression L is the total lift and C L is the average lift coefficient of the foil
The strength per unit length of the horizontal line doublet, used to represent the displacement effect of the hydrofoil, may be written in terms of a shape parameter A as follows
where *(,) is the maximum width of the hydrofoil section. If the hydrofoil had a circular cross^secfon, A would be unity and "(,) would be the usual strength of a line doublet 
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APPENDIX A INTEGRAL RELATIONS USED INJHE POTENTIAL FUNCTIONS
In the limit as ^ approaches infinity, this integral becomes .
•31
• •
If the sign of n is changed in the second and fourth sums, the terms combine to give -F(M^)= JV sgn(2nA + 3 -a) e -*|2 n A + *-a|_ £ sgn (2nh+ B + a) e^2 " 
APPENDIX B EVALUATION OF THE INTEGRALS BY CONTOUR INTEGRATION
The wavemaking potentials derived in this report are obtained from the real or imaginary part of an integral of the type There is a simple pole in the integrand, however, when k = ^0, where k 0 is defined by the equation
In the complex ^-plane there are infinitely many singularities on the imaginary axis, and the contour of inte E ration must be chosen in such a way that this axis is excluded and the inte- small liegative values of x, there is wavemaking ahead of the hydrofoil which decreases as x increases and vanishes as Tr approaches minus infinity. Therefore, Boundary Condition III is satisfied. If the pole were exactly on the axis and shared equally by both contours, there would be as much wavemaking ahead of the hydrofoil as downstream from it. This clearly contradicts Boundary Condition III, and Figure 2 gives the correct location of the pole. This analysis is equivalent to the use of a fictitious viscosity to locate the singularity. When to is positive, the integration around Contour I gives
In the limit, when A and B become infinite, the integral over the arc AB vanishes. Along OB k\ e inl * = A'(l + t)
[8B]
When vc is negative, the integration around Contour II gives
If the term for the integration along OB is given the subscript 2 and the term for the residue, subscript 8, then M is given by the sum of M 2 and Wj, where
To obtain the real and imaginary parts of M 2 (v>, 0), let
The real and imaginary parts of A", (»7) are As long as the Froude number is less than unity, the smallest value k 0 can assume is always greater than zero and these expressions are defined for all values of *" and e.
11
In the supercritical range of Froude number, the expressions for •.(,,,«) and /,(", w ) are the same except for the lower limit of the integral which is 9 0 instead of z^ro. As k 0 is zero when 0 = 9 9 , these expressions appear to have singularities for these values of the parameters. The difficulty is avoided, however, if the integration is evaluated over k a instead of 0. The integrands of these integrals have no singularities and con infinity and 6 approaches 7r/2. where e (0) is replaced hy the product of sin 6 and its former value. In both cases ,(* a ,) becomes the product of ft and its former value. ' v , , ; © . -9i 3 *
